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Introduction



Inflation & dark energy

Inflation & dark energy (cosmic acceleration in early and
current Universe) are strongly supported by observations.

Dark Matter AN

DENSITAY 68.3%

PLANCK

In order to identify the inflaton and the source of dark energy,
It is quite useful to consider the most general models
based on a scalar tensor theory.

Then, we can constrain models (or to single out
the true model finally) from the observational results.
(Bottom-up approach)



The following question arises:

What Is the most general
scalar-tensor theory?
(Bottom-up approach)



How widely can we extend scalar tensor theory ?

® A kinetic term of an inflaton is not necessarily canonical.

L=X V() X=-1¢"ouns wmh L= K(pX)
(k-inflation)

(Armendariz-Picon et.al. 1999)

® An inflaton is not necessarily minimally coupled to gravity.

1
s= [dtov=g (SMER+£,) =D A5 = /d4:1:\/_—gf(gb)R
(Brans-Dicke, Higgs inflation)

(Cervantes-Cota & Dehnen 1995, Bezrukov & M. Shaposhnikov 2008)

® Action may include higher derivatives. (Nicols etal. 2009)

L=K(¢p,X) mmp AL=G(¢ X)DOd

However, generally speaking, a higher derivative term
Is dangerous due to Ostrogradsky ghost.



Ostrogradski’s theorem

Assumethat I, = L (q, g, ¢) and L depends on q ;

o
! (Non-degeneracy)
2
—> a—L—ﬂ(a—’?)Jr - (aL
dq

— (4) — @ (3
dt \ 94 a2 8q) 0, = ¢ q ( q;q;q)

¢ - 0L doL (_ 8Leq)
: _ ) =3¢ " dtoa \= ag )
Canonical variables : q q q

(Ostrogradsky 1850)

Leq = L(Q: d,9) + XM(@Q — 4)

Non-degeneracy & ¢=g (q, q, Zg) & Q=4=q(q,Q,P)

= pg+PQ - L
‘ p depends linearly on H so that no system of this form can be stable !!

oL oL L oL i 1 i O i )
[NB % ~ Ou (3(5‘[1¢1)) + Oudy (()(d; o (‘))) o ‘ (p2 + m?)(p? +m2) = —m%( J

Hamiltonian: H(q, Q,p, P)

ms5 p2 + mM}Q =+ m%
(propagators)




Bottom up approach

® Effective field theory approach :  (Weinberg 2008, Cheung et al. 2008)

The low-energy effective theory (after integrating out heavy

mode with its mass M).
A ghost seems to appear around the cut-off scale M (>> E).

1 1 11
L= -8, ¢ — =m?¢® — ——(0¢)*
5 MQ’? ¢—om9" — 5 le( )
E2qb2 B4
(E: the energy scale we pay attention to) qu

M>E <@ 000" > (007

® Most general theory without ghost
(if we are interested Iin the case in which higher derivative

terms play an important role in the dynamics.)

L In this talk, we take the latter approach




Integrating out a heavy field

¢ : a heavy field with mass M, ¢: a light field

= _;augaﬂg _ ; M?62 — 8,,00"¢ Lagrangian for ¢

!
E20_2 < M2O'2
!

energy scale we are interested in  (E << M)

1.0 0 _ 1.5 O\ 11 >
SR — (0 MQ) + 52 (09

L

Integrating out ¢

11

~ S2 (O¢)?



How to obtain a higher derivative theory
without ghost ?

1. To abandon the non-degeneracy condition,
which is assumed in the Ostrogradsky theorem.

2. To go into infinite derivative theories. \
This talk



Galileon field (degenerate case)

Nicolis et al. 2009
Deffayet et al. 2009

The theory has Galilean shift symmetry in flat space™

O — Ou® + by

L1 = ¢
Ly = (09)°
{ Lz = (8¢)°0¢
Lo = (0¢)7|(09)? — (8u00$)?]
Ls = (99)°[(0¢)° — 3(T¢) (8u0v9)* + 2 (9udve)?]

(8,0vp)? = 8,,0,pO"d" §,
(0uOyd)® = 8,8,p0" 8 D\

Lagrangian has higher order derivatives, but EOM Is second order.

==) How to covariantize it ???



Gravity

Two formalisms:
metric formalism & Palatini formalism

c.f. Roberto Percacci’s talk



Metric formalism : Palatini formalism

Fundamental objec’és (dynamical variables)

® Riemann metric: g . ® Riemann metric:  Juuv

dS —_— gl_l,l/dx“dm ds p— gﬂydxudﬁi

® Connection (parallel transport) ® Connection: I,

Fixed a priori _
Levi-Civita connection : E (not confined to Levi-Civita one but arbitrary one)

1 ,
{ﬂ)-\V}_q = 59)\0 (Ougve + Bvgue — dogur)

® symmetric ( {3}, ={:}, ) . | ® Torsion : B =, — Ty,

. S : . . [
® metric compatibility ( Vg, = 0) i | ® Non-metricity : Qo := Vgg"”

® |Local Lorentz

_ @ Invariance of an angle between (In gfnetral torsmnddoes nlot V?nrlsh nblut for "
parallel transported vectors. S|mp icity, we consider only a torsion-less case later.)

=>» The variation of the action is taken only . 9 The variations of the action with respect
with respect to a metric in order to obtain  : to not only a metric but also a connection are
the EOMs. : taken in order to obtain the EOMs.



_esson:

What happens to the Einstein gravity
In Palatini formalism ?

(Assume torsion-less)



Einstein gravity in Palatini formalism

(Einstein 1925)

S = SEH + Smatter = /d4x\/—g§R i /d4$ VvV —g ﬁm(gpw, W)-

~ r - (Assume no dependence on I")
R = QI“LVRMV,
I I
.< Rﬂ,y = RA#)\V,

I

g RAO’;M/ i— 8;,;,er1; — Oy I_Acrp, + rAp,u rpm/ - r)\pr/ rpa,u-

( 1 0S [ 10 (T o 2 5Smatter)
V=gog" Ry = R9uw = T =0, T Vg sg

~< 05 1

6r/\VIJJ > Vo [\/__g (9”05&1’ — g’“’&i)] =0,

) Vg =0 W) Cu{d),= 20 G+ s — o0

Different from metric formalism, a connection is dynamically
fixed to be the Levi-Civita connection as the result of the EOM.

.



Now, let’s try to extend gravity to
a scalar-tensor theory
In Palatini formalism

But, before going to Palatini formalism, let’s briefly
remember a scalar-tensor theory in metric formalism.



Galileon field (degenerate case)

Nicolis et al. 2009
Deffayet et al. 2009

The theory has Galilean shift symmetry in flat space™

O — Ou® + by

L1 = ¢
Ly = (09)°
{ Lz = (8¢)°0¢
Lo = (0¢)7|(09)? — (8u00$)?]
Ls = (99)°[(0¢)° — 3(T¢) (8u0v9)* + 2 (9udve)?]

(8,0vp)? = 8,,0,pO"d" §,
(0uOyd)® = 8,8,p0" 8 D\

Lagrangian has higher order derivatives, but EOM Is second order.

mm=) How to covariantize this in metric formalims ?



Generalized Galileon = Horndeski

Deffayet et al. 2009, 2011, Charmousis et al. 2012 equi Ience Horndeski 1974
( £2 — K(Qﬁ, X) Kobayashi, MY, Yokoyama 2011
£’3 — _‘G3(¢7 X)D(,ﬁ),
! La = [ald X)R+ Gax [(06)% — (VuVue)? |
Ly = p5(¢aX}Guuvqu¢
1
k —<Gsx|(09)° = 3(09) (VuVud)? + 2 (V4 V).
X = —ég“”éﬂuqb@uqﬁ, G'éX = 8@@/3)(.

This is the most general scalar tensor theory whose Euler-Lagrange EOMs are
up to second order though the action includes second derivatives.
Many of inflation and dark energy models can be understood in a unified manner.

NB : @ G4 =Mgc2/ 2 yields the Einstein-Hilbert action
® G4 = 1() yields a non-minimal coupling of the form f(¢)R
® The new Higgs inflation with G**8,¢5,¢ comes from G5 oc @
after integration by parts.



Horndeski theory

In 1974, Horndeski presented the most general action (in four dimensions)
constructed from the metric g, the scalar field ¢, and their derivatives,
OG0, 0% Gpur 3guu, - - -, 09, 0%, 93¢, - - - Still having second-order equations.

c ~ ‘ ) 2 | J | / J / / . /
,Ch!' — ();:j)’j)(jl {h‘-lvﬂv(](bjg-l_fAli . + Efil,\vﬂv{\()v! v__-j(/)v()—V"l, (/) + H3v['1 (J)v"!()!{ .fAII} 7 + 2:‘{.-3){V“q-")V'”q‘)vj V )’(‘,-")vo—v? (j-'j)}

+(5;;,-j [(F + 2W)R " + 2Fx VIV 0V Ve + Qf‘-,gv{.q;.-;»v“(,,-.-av"vjq,@} —6 (F +2W, — XH.S) O¢ + ko.

f

k1, k3, k8, k9, F : functions of ¢ & X with Fx = 2(k3 +2XKk3x — K14)-
< W=W(9) : ]
i =L

What is the relation between Generalized Galileon and Horndeski’s models ?
= Both models are completely equivalent :  Kobayashi, MY, Yokoyama 2011

~ X r
K = & +4Xf AX" (Kas — 2kass) . Ly = K(4,X).
’ ( 8(;) 3(;—0) £3 = 7G3(¢)tX)D¢7
- 2 2
< Gz = 6F;—2XKkg —8XkKkzy + 2/ dX'(kg — 2K34): 4 Ly = G4(¢7X)R+cifx’/[(u¢) — (VuVu9)?],
G = 2F —4XkK Ly = G?(d),X)GM,,V V7
. > —*G5A'[(D¢)3—3(D¢) (vﬂqub)2+2(v,lv,,¢)3]
. . 6
G5 — —4:‘\,1,
- \




Cosmological perturbations of Horndeski theory
i n metrl C fO rmal ISm (Kobayashi, MY, Yokoyama 2011)

® Tensor perturbations:

2) _ 1 : Fr
Sf% ) = gfdtd3:1: 0,3 {QT}L% — G—Q(V}Lij)z} .

{]—"T = 2 [G4 - X (éGSX +G5<b)] ’ C% — ﬁ

gr = 2 {G4 —2XGyax — X (HQSGEJX — G5¢)] I gr

If this Horndeski field Is responsible for dark energy, the sound
speed of tensor perturbations (GWs) must be very close to unity.

2 2 (e.g9. Creminelli & Vernizzi 2017)
Cr = Cqyw = 1. - (Kimura & Yamamoto 2012)
Ly = K(¢,X),
(GW170817 & GRB170817A) L3 = —G3(¢, X)0¢, _
— R, - >
(gravitational Cherenkov radiation) J “4 = Ga($ PR + Gare B =TViVo9)?|
< W:(d) X)G#VVNVV‘;{) ——
1
) e ., e

G4X20, G5EO .



Let’s try to extend the flat Galileon action
In Palatini formalism.

Lo = K(¢,X),

‘C‘3 — _G3(¢:X)D¢'a —

Lo = Ga($ PR+ GuseBd*=TViV.0)? ,

L= (3. X) G VIV ¢ —
1 S

 —GexlEnP (0D (ViR 2TV 97

(X = 59" 0,60,9, Gix = 0G/0X)

As a dark energy, only magenta boxes are allowed in metric formalism.



Horndeski correspondence
In Palatini formalism



A non-minimal coupling of a scalar field to the Ricci scalar

_ ) — (Later, we will discuss L3)
In metric formalism, {2 = (&%), i i
L4 = Ga($, X)R+ Gax [(04)% — (VuVu9)?].
(c% + 1 for Gax # 0) (X — —%g””@,ﬂﬁ@mb, Gix zac;,;/ax>
mmm) In Palatini formalism, on Lo

S oEEln  — / d*z/—g [G4(¢,X)1r% + K(¢,X)|,

(The counter terms are unnecessary to keep the second order EOMs for the metric & ¢.)

Analysis In three frames :

f
® Jordan frame : Non-minimal coupling (Calculation is tedious but straightforward)

4 ® Einstein frame : Minimal coupling, Einstein gravity (Calculation is well-known)
(commonly used in the literatures, especially, in the context of Higgs inflation)

® Riemann frame : Geometry is Riemannian (Calculation is done in metric formalism)
\

The central question : is ¢t (GW speed) unity or not ?



Jordan frame



Connection In Jordan frame

h
S, 7ordan = / d*z\/—g [G4(¢>, X)R + K(¢, X)] , (x=-Leac0.)

r

-2 = (K ,OOy K L — 2 —0
\/—_gfsgf“’ ( X + GZ]-XR)Q( @3 QS _I_ ( + G4R)g“ G4R(,ul/) 0
. 0S r
= — VOSHY _ gHV 59 —
5r/\1/u, = Vo [\/ gGa (g"70FA — g 5)\)] = 0.
.

-
B V,g, = g"’d\(InGy) # O.

‘ o — | ,j,,}g + %g’“’ (295(48,) N Ga — g5 In Ga)

The connection does not coincide with the Levi-Civita one in general.



Cosmological perturbations in Jordan frame
S — /d493\/—_9 [G4(¢,X)}r2+ K(cb,X)] :

Metric perturbations :  ds? = —N2dt? + +;, (da:@' + N”'dt) (d:cj + det)

f

N = 1+4a,
< N; = 8, (unitary gauge €=» 6¢ =0)
I 2_—2¢(_h
| Yig = a(t)“e (e )23

3 scalar perturbations : a, p, {
1(x2) tensor perturbations : hij

Connection perturbations :

(6% = c1,
M%) = deo,
5|_Oz'j — Dlg-i.j+5éjc3+aiajc4a

< 5ri00 —=NOseE
Db ; + b%cg + 89jer,
— 61D3?j,1-|: <+ 8(JDzlk) + (‘)‘jka?’(;g + (5@5%)(;9 + 828‘?8;3(:10.

=%

=
<
o

I

S,
1
‘-—a.ﬁ'
=

|

10  scalar perturbations : cn
4(x2) tensor perturbations : Dm,ij



Cosmological perturbations in Jordan frame Il

e — / d*z/—g [G4(¢, X)Jr% + K (¢, X)] ,

m==) Expand the action up to quadratic order of perturbations

mm) Solve the constraints for lapse a, shift p, and connections

r 1 - 1
5(2)84Jordan,tensor — Z/dtd3xG4a3 h% _ E(akhz'j)ﬂ

) < mm) cr=1 (GW speed = light speed)

: F 1

5(2)S4Jordan,scalar — fdt A3z a3 [gSC2 . 25'(8%_02

\ X -
(background guantities)

r
6XGa(2KGax — KxGa)

(K —2XKx)Gs+3KGax X'
6XGy

< 7 = (Ga — GaxX)?{—K (G4 + 3G4x) +2XKxG4}
X [—6X2KG2X + X(BK +5KxX)G4Gay + (Kx + 2KxxX)G3

—2{K(Gax +2GaxxX) + XKx(3Gsx — XGaxx) + X?KxxGax}G3|,

Fg =




Einstein frame



Analysis In Einstein frame

- _
S4Jordan — /d4$\/—_g [G4(¢5, X)R+ K(¢,X)|, (X = —lg“yaﬂqb@;@)

2

Conformal transformation:  guv = G4(¢, X)guv

2
= |~ | K(¢,G4X) instei
IS Jordan __ /d4 _ R ’ - — g Einstein
mm) S oy =9 |7 B + o005 % 4

This action is nothing but the k-essence action
and the Einstein-Hilbert action with respect to g, = G4(é, X)guw -

r r r L . 1
( Y, —9 = GZQLV -9, R= QHVRNI/ = G4§HVR,UJU =GaR, X =GyX, X = ——g’uyaufbau‘ﬁ )

‘ Mo ={3} —"* 7 (Budve + Owine — Beguv) - Levi-Civita one with respect to Guv.

) -

1 ~ ~
5(2)8 Einstein,tensor _ Zfdt 3753 lhIQ (akzhij)Q] (: 5(2)S4Jordan.tensor)

g i .
5(2)S4E|nstem.scalar - /dtd3 3 [QSCQ _ ag(aioz] (: 5(2)S4Jordan,scalar)
\

cr=11 (9s = Ga(®)Fs, Fs=Ga®Fs)  (hij=hij, ¢=7)



Riemann frame



Analysis In Riemann frame
sgordan = [ dtey=g [G4(¢>, XOR+KG,X)|,  (x=tromnd
‘ N = ;y}g + %g"f’ (295(40) IN G4 — 996 INGa) .

I g g 3 y
( R= R~ Vo (9r109Ga) ~ g" (3,109 Ga) (9109 Ga) )

i g
g 3(VGy)?
‘ SN = =g G4R+§( " |

Gy

[, g 3 _ : _ B '
= V-9 |GaR— = (QGE@X + 2G445Gaxd*basd” — Gix " basd” "(f’ﬂ) + K] = G,iemann
i 4 |

In this frame, the connection is a priori fixed to the Levi-Civita one.

But, this is nothing but simple rewriting and hence
both g and ¢ obey the same EOMs as those in Jordan frame.
] ] (Langlois & Noui 2016, Crisostomi et al; 2016, Ben Achour et al. 2016 ...)_
In fact, this action reduces to the so-called DHOST action and the quadratic
actions for perturbations are shown to coincide with those in Jordan frame.



Cosmological perturbations in three frames

® The quadratic actions for tensor and scalar perturbations
In three different frames (Einstein, Jordan, Riemann)
are obtained and also shown to be the same.

® Even if G4 has X-dependence, the speed of GWSs is unity,
In sharp contrast with the case of metric formalism.

CASCE — ] d*z/—g [64(¢,X)15» + K(¢,X)|,



Let’s finally discuss L3 (Galileon) action
In Palatini formalism.

Lo = K(¢,X),
[£3 = —G3(¢,X)09, )
Ls = Ga(d, R+ Qe =TV,.V,u$)?|
L—=—Cs($ X)C VY —
1 N
_ —GexlEw =3(09) (Vavoty ek 2(V,V,9)°].

(X = 59" 0,60,9, Gix = 0G/0X)

As a dark energy, red crossed parts are prohibited in metric formalism.



L3 term (KGB or G-inflation) in metric formalism

(Kobayashi, MY, Yokoyama 2010, 2011
Cedric, Pujolas, Sawicki, Vikman 2010)

® The L3 term is uniquely determined in metric formalism

g g
[g_l’¢) = gﬂuv”vv(ﬁ’ (,CQ _ K(¢. X)
g g ;] b
= Vu(d""'Vue) L3 = —G3(¢,X)09, _
— v, (%,,(guv@) { L = Ga(d, JIR + Gusepo=TViV.6)?] |
1 g g L5—=—Cs($. X)Gpu V"V =
= 299V (90pV00) D o) | S ey,
4 “ - :_67 ercEr) — 3 (09 VuVio) ]

All of these expressions are the same thanks to the metricity.
(%)\Qﬂu : 0)

® The L3 term does not affect the speed of GWs at all
In metric formalism.

: 1 .
Tensor perturbations:  s;* = [ dta®sa? {QTH% - 7(Vfb-zj)2} -

Fr i= 2|Ga= X (éCsx +Csy)] B = 2T
Gr = 2{04—2XG4X—X(H¢G5X_G5¢)] =G,



L3 term (KGB or G-inflation) in Palatini formalism

® The L3 term is not uniquely determined In Palatini formalism

ap

-
I
-

r r
g“yvﬂquﬁ

TR 1

rr vV V <25
Vuvv(guyﬁb)

Non-metricity : o, = v,g %0

Fortunately, there are only finite (10) numper of types.

[EI¢:<

[ g x VVo 1 term

Vg x Vo 2 terms
Vg x Vg X ¢ 5terms

oki & Shimada 2018, 2019
Ipin & Volkov 2019, 2020)

£3Palat|r1| =

| VVg x ¢ 2 terms

g _
G3,0U¢ + G31Q"0u¢ + G32Q0ué )
+G330Q0p, Q™ + G3 40Q0p,Q° 1™ + G3 56Q"Qu + G5 66QuQ" (QM = Qs QF = Qu”‘“)

- g g _
+G3,7¢QpQu + GS,S‘f’V,uQ“ SiE GB,Q‘f’V,uQN

9 r
EOG&'*‘ Hei)® (G3;=G3(¢, X))



L3 term (KGB or G-inflation) in Palatini formalism |1

- 9 r r
[:2183@'1_:?' = &K S5 Z G3??; D(?)qb + G4R
1=0

This action has, In general,

<

"o no Einstein frame
® an (Ostrogradsky) ghost mode

o non-unity sound speed of GWs.

If we remove the ghost by suitable choice of G3,i,
l this model reduces to the DHOST model in metric formalism

with

the sound speed of GWs being unity.

(This sound speed Is the same with the correspondence
In metric formalism).



Summary

® \We considered Palatini formalism, where the variation of an
action Is taken with respect to not only metric but also
connection.

® \We considered the case of a non-minimal coupling of a scalar
field to the Ricci scalar (LL4) plus k-essence action (L2) and
discussed cosmological perturbations, yielding their quadratic
actions in three different frames.

® The sound speed of GWs is always unity in Palatini formalism
even If G4 includes X-dependence, in sharp contrast with that
In metric formalism.

® \\Ve classified the Galileon action (L3) in Palatini formalism
and found that there are essentially 10 different terms.

® An action consisting of these terms as well as L2+L4 generally
leads to a ghost d.o.f. and the deviation from unity of the
sound speed of GWs. However, once we eliminate such a ghost,
the sound speed of GWs becomes unity, which coincides with
that in metric formalism.
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